
My question to ChatGPT:    (on July 30, 2025)

An ordinary 3D smoke ring provides itself with a small amount of forward propulsion 
as a side effect of its spinning around its ring axis. Estimate how much forward 
propulsion each type of 4D smoke ring might provide at the same rotation per second. 
Use an arbitrary unit of measure. Perhaps set one of them to 1.0 and compare the 
others to its propulsion. 

Its answer:

That's a fascinating question—extending physical intuition about smoke ring propulsion into four 
dimensions. Since we can’t directly observe or test 4D physics, this answer will rely on analogies, 
dimensional reasoning, and relative scaling under equal rotational frequency assumptions.

Let’s fix a unit:

• Let the Standard 3D Smoke Ring (torus rotating around its central axis) have propulsion = 1.0 
unit.

• We’ll use this as the benchmark for estimating the relative forward propulsion of different 4D 
smoke ring types at equal angular rotation.

 🚀Assumptions
1. Mechanism of propulsion (in 3D) comes from:

• Ring rotation inducing circulation.

• Vorticity sustaining a toroidal flow.

• Magnus-like or self-induced motion due to curvature.

2. In 4D, analogs may induce motion through similar means — rotation and induced flow — but 
now with:

• Additional planes of rotation,

• Possibly more symmetry (or less),

• Different interaction with the surrounding 4D medium.



 🔢 Relative Propulsion Estimates

4D Smoke Ring Type
Relative 

Propulsion
Reasoning

1. Standard 4D Smoke Ring 
S1×S2S^1 \times S^2

1.0
Baseline: same general topology, with sphere (S²) 
rotating along a circular axis.

2. Twisted/Fibered Bundle 0.8 – 1.2
The twist may reduce forward-directed coherence or 
add torque; result varies by geometry.

3. Linked Smoke Rings < 1.0 per ring
Interactions may cancel or interfere; possibly more 
drag or opposing flows.

4. Multiple Disjoint Rings 1.0 per ring
Independent rings each contribute ≈1.0 if same 
structure and orientation.

5. Higher Genus Structure 0.4 – 0.9
Complex topology may spread flow incoherently, 
reducing net propulsion.

6. Curved/Deformed 
Embedding

0.6 – 1.1
Bending may either assist or hinder flow alignment, 
affecting propulsion efficiency.

7. Knotted Surface 
Embedding

0.2 – 0.6
Flow lines may tangle or recirculate internally; likely 
reduced net directional motion.

8. Exotic Smooth Structure ? (undefined)
No known exotic smooth structure on S1×S2S^1 
\times S^2; effect unclear or physically moot.

 🧠 Interpretive Notes
• Higher propulsion tends to come from symmetry and coherence — like a well-formed vortex 

ring.

• Lower propulsion results from complexity, internal cancellation, or inefficient flow 
topology.

• Since 4D allows more rotational degrees of freedom, there might also be multi-directional 
drift (not just forward), further diffusing net propulsion in some forms.

 Summary (Estimated Propulsion, Normalized)🚀
Type Estimated Propulsion

Standard 4D Ring 1.0
Twisted Ring ~0.8–1.2
Linked Rings ~0.5 per ring
Disjoint Multiple Rings ~1.0 each
Higher Genus ~0.4–0.9
Curved Embedding ~0.6–1.1
Knotted Surface ~0.2–0.6



Type Estimated Propulsion
Exotic Smooth Structure Indeterminate

My question to ChatGPT:    (on July 30, 2025)

Rate each variation of 4D smoke rings for their ability to repair damage to their vorticity 
and return to their original shape. For example, if they ran through an obstruction that 
blocked the passage of X% of their total hyper-volume. How large a number can X be? 
10%, 20%, 30%, or even more? Calculate the value, if possible. If that 's not possible, 
just estimate the value.

Its answer:

The ability of a 4D smoke ring to self-repair its vorticity and return to its original structure after a 
partial obstruction depends heavily on:

• Symmetry of the ring,

• Redundancy in its vortex structure,

• Internal circulation coherence,

• Topological complexity (which can be a help or hindrance),

• Dimensionality of flow (more rotation planes may help redirect energy).

Since we don’t have physical experiments for 4D fluid dynamics, we’ll use analogies from 3D vortex 
dynamics and extend them conceptually.

 Assumptions for All Variants�⚙️�
• A ring collides with an obstruction that blocks X% of its hyper-volume (3D volume within 

4D).

• The remaining volume retains intact vorticity.

• The ring has a chance to regenerate shape via circulatory reorganization or internal tension-
like effects.

• A ring is considered self-repairing if it can largely re-form its shape and maintain propagation.



 Interpretation of “X% Damage Tolerance”🧮
• X is the maximum percentage of the ring's hyper-volume that can be disrupted or removed 

while still allowing recovery.

• We assume equal angular velocity across variants for fair comparison.

 Damage Tolerance Estimates📊

4D Smoke Ring Type
Estimated Max X% 
(Recoverable Loss)

Reasoning

1. Standard 4D Ring (S¹ 
× S²)

~30%
Highly symmetric, continuous vortex shell; can 
re-establish structure.

2. Twisted/Fibered 
Bundle

~25%
Twisting adds complexity; recovery less robust 
but still feasible.

3. Linked Rings ~15% per ring
Interdependence means one damaged ring 
destabilizes the system.

4. Disjoint Multiple 
Rings

~30% per ring
Like the standard ring; independence aids 
resilience.

5. Higher Genus 
Structure (S¹ × Σₓ)

~10–20%
Complex flow paths make reorganization 
harder; more sensitive.

6. Curved/Deformed 
Embedding

~20–35%
Depending on curvature, could either resist 
damage or fracture more easily.

7. Knotted Surface 
Embedding

<10%
Flow lines are entangled; damage causes 
unpredictable fragmentation.

8. Exotic Smooth 
Structure

Unknown or negligible
No physical basis for recovery mechanism; 
purely speculative.

 Key Insights🔧
• Symmetry aids resilience: Like how circular smoke rings in 3D can close around minor 

disruptions.

• Topological redundancy helps: The more evenly distributed the vorticity, the more robust the 
structure.

• Complex structures are fragile: Knotting, linking, or higher genus surfaces tend to fragment 
more easily and don’t self-organize as reliably.

• Curvature is a wildcard: It could focus flow into resilient patterns or introduce weak points.



 Summary Table (Self-Repair Capacity)✅
Type Max % Damage Tolerated Recovery Rating

Standard 4D Ring 30% ⭐⭐⭐⭐⭐
Twisted/Fibered Bundle ~25% ⭐⭐⭐⭐
Linked Rings ~15% ⭐⭐
Disjoint Multiple Rings 30% per ring  per ring⭐⭐⭐⭐⭐
Higher Genus 10–20% –⭐⭐ ⭐⭐⭐
Curved/Deformed Embedding 20–35% ⭐⭐⭐⭐
Knotted Surface Embedding <10% ⭐
Exotic Smooth Structure ? ❓

My question to ChatGPT:    (on July 30, 2025)

Can any of these forms of 4D smoke rings change from their form into one of the other 
forms of smoke rings, with a little outside influence? And if so, roughly how little? Or 
might it even happen spontaneously, perhaps at random or cyclically?

Its answer:

This touches on stability, phase transitions, and topological versus geometric mutability in 
hypothetical 4D vortex systems. Here's a breakdown of whether each 4D smoke ring form can 
transform into another, how much influence would be needed, and whether such a change could happen 
spontaneously or cyclically.

 🧠 Core Principle
We separate transitions into:

1. Topological transformations (change of fundamental shape — e.g., from a torus to a higher-
genus surface, or becoming linked/knotted):

 Requires 🔒 high energy, large perturbation, often non-spontaneous.

2. Geometric or dynamical transformations (change in twist, curvature, or distribution of 
vorticity):

 Can happen with 🔓 minor energy inputs, sometimes spontaneously or cyclically.



 Transformation Potential by Form🔁
4D Smoke Ring 

Type
Can Transform Into

Ease of 
Transition

Notes

1. Standard (S¹ 
× S²)

Twisted, curved, or 
multiple rings

⭐⭐⭐⭐ Can split, bend, or twist with modest energy. 
Topology is preserved unless ruptured.

2. Twisted Ring
Standard or Higher-
Genus

⭐⭐⭐ Can “untwist” or, with instability, develop 
handles (genus). Requires moderate energy.

3. Linked Rings
Disjoint rings (if 
unlinking)

⭐⭐ Must overcome topological constraints; 
spontaneous unlinking is not typical.

4. Disjoint 
Multiple

Merge into one ring ⭐⭐⭐⭐ Can merge under attraction or shared flow; can 
happen cyclically in some fluid models.

5. Higher 
Genus

Standard ring (if 
handles collapse)

⭐⭐ Handle contraction possible but energetically 
expensive. Rarely spontaneous.

6. Curved 
Embedding

Standard or twisted
⭐⭐⭐⭐
⭐

Can “relax” to a more symmetric form 
spontaneously or under small influence.

7. Knotted 
Surface

Unknotted (in 4D) ⭐⭐⭐⭐
Knotting is often not stable in 4D — it can 
spontaneously untie due to extra degree of 
freedom.

8. Exotic 
Structure

Cannot transition (not 
physical)

❌ There is no known mechanism or physical 
basis for exotic smooth structure transitions.

 Spontaneous or Cyclic Transitions?🔄
• Possible:

• Curved ↔ Standard: A deformed smoke ring can relax into a symmetric shape or 
oscillate.

• Knotted → Unknotted: In 4D, knots can spontaneously untie because the extra 
dimension allows reconfiguration without self-intersection.

• Multiple → Single: Two rings may coalesce if drawn together by mutual flow.

• Twisted ↔ Untwisted: Depending on symmetry-breaking or instability in the vorticity 
field.

• Unlikely Without External Input:

• Standard ↔ Higher Genus: Would require puncturing or adding handles — this is 
energetically expensive and unlikely.

• Linked ↔ Unlinked: Requires cutting or passing through itself in 3D, which 4D allows 
in principle, but not trivially.



• Topology changes: In general, these demand strong perturbation — collision, energy 
injection, or turbulence.

 Influence Scale (Rough Estimate)📊
Type of Transformation Needed Energy/Input Level Occurrence Type

Geometric (e.g., curved → standard) Low Spontaneous or cyclical
Twisting or untwisting Moderate With small external influence
Linking/unlinking or merging rings Moderate–High Requires dynamic interaction
Topological genus change High Non-spontaneous
Knotting/unknotting in 4D Low–Moderate Can happen spontaneously
Exotic smooth structure change Undefined Not physically modeled

 Key Takeaways✅
• Most geometric changes (twisting, bending, merging) can occur with small external 

influence or even spontaneously.

• Topological transitions (linking, knotting, genus change) are energy-intensive and unlikely 
without deliberate intervention.

• Knotted rings may untie naturally in 4D, making them unstable.

• Exotic structures are theoretical and lack transformation mechanisms.

My question to ChatGPT:    (on July 30, 2025)

A 3D smoke ring has one spin around its one ring vortex. How many spins can the 
various 4D smoke rings have? And are they all mandatory or optional. That is, must 
they all spin? And if so, at what speeds? 

Its answer:

You're now exploring the rotational degrees of freedom and rotational dynamics of 4D smoke rings.

Let’s break it down step by step:



 🌀 1. In 3D: One Axis of Spin
• A typical 3D smoke ring spins around its central axis (the ring axis), and that spin generates 

circulation which maintains its cohesive toroidal flow.

• That rotation is essential for its stability and self-propulsion.

 🌐 2. In 4D: More Axes, More Spin Possibilities
• In 4D space, objects can spin simultaneously in multiple independent planes.

• A 3D object (like a 4D smoke ring, which is a 3D hypersurface in R4\mathbb{R}^4) can spin in 
up to three independent rotational planes:

• These are defined by pairs of dimensions: (x–y), (x–z), (x–w), (y–z), (y–w), and (z–w).

• But only three can be independent — that’s the number of rotation planes available to a 
3D object embedded in 4D.

 🔁 3. What “Spins” Can 4D Smoke Rings Have?
4D Smoke Ring 

Type
Number of Spin 

Axes
Mandatory

?
Comments

Standard (S¹ × S²) 2 (S¹ loop + S² spin) Yes
Spin along S¹ gives propulsion; S² spin keeps 
vorticity distributed. Both are essential.

Twisted/Fibered
2 (same as above, but 
coupled)

Yes
Twist introduces a linked spin between base 
and fiber — dynamic coupling.

Linked Rings
2 per ring 
(independent)

Yes
Each ring must spin like the standard one to 
maintain form.

Multiple Disjoint 2 per ring Yes Independent spinning rings; same as above.
Higher Genus (S¹ 
× Σg)

≥2, possibly 3 Mostly
Spin around S¹ and internal Σg loops is needed 
to preserve the flow. Could vary locally.

Curved 
Embedding

2–3 depending on 
geometry

Yes
Curved forms may distribute spin across 
multiple planes.

Knotted Surface
2 (minimally), 3 
(theoretically)

Yes
Must spin to avoid internal collapse; 
complexity may require more planes.

Exotic Smooth 
Structure

? Unknown
No clear prediction — exotic structure might 
distort spin behavior.

 Are Spins 🛑 Mandatory?
Yes — all physically meaningful 4D smoke rings must spin, for the same reason 3D smoke rings 
must:



• No spin = no stable vorticity = no coherent ring.

However:

• Some spin axes may be inactive or degenerate (e.g., a ring spinning in just one 2D plane 
instead of two).

• Some spin components could be localized, not global — e.g., the sphere spins only near the 
front.

 📉 Spin Speeds (Relative to Each Other)
We normalize the S¹ rotation speed of the standard 4D smoke ring to 1.0 unit.

Ring Type Spin Around S¹ (main loop) Spin Around S² / Fiber Total Rotational Energy
Standard (S¹ × S²) 1.0 ~1.0 2.0
Twisted/Fibered 1.0 0.5–1.5 (variable) ~2.0–2.5
Linked Rings 1.0 each ~1.0 each Additive per ring
Disjoint Rings 1.0 each ~1.0 each Additive per ring
Higher Genus 1.0 0.5–2.0 Depends on genus g
Curved Embedding 1.0 0.8–1.2 Slightly variable
Knotted Surface 1.0 ≥1.0 Possibly elevated
Exotic Structure ? ? Unknown

 Summary🧠
• Spin is mandatory for maintaining 4D smoke ring integrity — just like in 3D.

• At least 2 spin axes are involved in all practical 4D smoke rings:

• One around the loop (S¹) — propulsion;

• One around the cross-section (S² or Σg) — coherence.

• Complex rings (twisted, knotted, higher genus) may need more distributed spin to stabilize 
their shape.

• Spin speeds vary depending on topology and symmetry — but generally range from 1 to 2 
units per ring.

My question to ChatGPT:    (on July 30, 2025)



Can any of these forms of 4D smoke rings remain stable if entwined or entangled with 
another smoke ring, either of its own form or some other form? Provide a complete list 
of the various combinations and their approximate stability or instability compared to 
their base form.

Its answer:

This is an excellent and highly sophisticated question. You're now exploring multi-ring interactions in 
4D, focusing on the stability of composite or entangled 4D smoke rings.

To answer this rigorously, we’ll build a complete matrix of pairwise interactions between different 
forms of 4D smoke rings, estimating composite stability compared to the stability of each ring in 
isolation.

 🧩 Core Idea: What Affects Stability When Rings Interact?
1. Topology — Does the pairing increase constraint or introduce complexity?

2. Vorticity Alignment — Do flow directions cooperate or conflict?

3. Symmetry & Redundancy — Are the forms stable on their own? Do they preserve symmetry 
when paired?

4. Kinematic Entanglement — Are they knotted/linked? Do they share axes?

5. Resilience — Can either ring resist disturbances introduced by the other?

 🔁 Composite Stability Rating System
•  = More stable than isolated forms.⭐⭐⭐⭐⭐

•  = As stable as isolated forms.⭐⭐⭐⭐

• –  = Partially degraded stability.⭐⭐ ⭐⭐⭐

•  = Likely unstable.⭐

•  = Catastrophic instability (rapid decay or collapse).❌



 🧮 Stability Matrix: Ring A × Ring B
Ring A \ 
Ring B

Standard Twisted Linked Disjoint
Higher 
Genus

Curved Knotted Exotic

Standard
⭐⭐⭐
⭐

⭐⭐
⭐ ⭐⭐ ⭐⭐⭐

⭐ ⭐⭐ ⭐⭐⭐
⭐ ⭐ ❌

Twisted ⭐⭐⭐ ⭐⭐
⭐ ⭐ ⭐⭐⭐ ⭐⭐ ⭐⭐⭐ ⭐ ❌

Linked ⭐⭐ ⭐ ⭐⭐
⭐ ⭐⭐ ⭐ ⭐⭐ ❌ ❌

Disjoint
⭐⭐⭐
⭐

⭐⭐
⭐ ⭐⭐ ⭐⭐⭐

⭐ ⭐⭐⭐ ⭐⭐⭐
⭐ ⭐⭐ ❌

Higher 
Genus

⭐⭐ ⭐⭐ ⭐ ⭐⭐⭐ ⭐⭐⭐ ⭐⭐ ⭐ ❌

Curved
⭐⭐⭐
⭐

⭐⭐
⭐ ⭐⭐ ⭐⭐⭐

⭐ ⭐⭐ ⭐⭐⭐
⭐ ⭐⭐ ❌

Knotted ⭐ ⭐ ❌ ⭐⭐ ⭐ ⭐⭐ ⭐⭐ ❌
Exotic ❌ ❌ ❌ ❌ ❌ ❌ ❌ ❌

 Interpretations🧠

 ✅Most Stable Pairings

• Standard + Curved / Disjoint / Standard: Symmetrical and fluid-compatible.

• Curved + Curved: Deformed rings can adapt to each other without major conflict.

• Disjoint + Any Simple Form: Since the rings don’t share topology or vorticity, they’re easy to 
keep stable if spacing is managed.

 ⚠️Marginal Stability

• Twisted with anything: Twist introduces internal strain; adding another ring increases risk of 
destructive interference.

• Higher Genus rings: Internally complex and already less stable; pairing adds little benefit and 
lots of risk.

• Knotted + Anything: Fragile, unpredictable, and prone to destabilization unless very carefully 
aligned.

 ❌ Unstable or Unfeasible Pairings

• Exotic + Anything: Exotic smooth structures lack a known physical model — they likely have 
no coherent interaction.

• Linked + Knotted or Exotic: Geometrically unstable, high vorticity interference.



• Knotted + Linked: Tend to tear, collapse, or fragment rapidly due to tension and flow 
misalignment.

 Composite Stability: Summary Chart📊
Pair Type Stability Level

Standard + Standard ⭐⭐⭐⭐
Standard + Curved ⭐⭐⭐⭐
Disjoint + Disjoint ⭐⭐⭐⭐
Twisted + Standard ⭐⭐⭐
Higher Genus + Disjoint ⭐⭐⭐
Linked + Linked ⭐⭐⭐
Knotted + Anything  or ⭐ ❌
Exotic + Anything ❌

 Key Takeaways✅
• Standard and Curved forms are the most compatible — resilient, symmetrical, and self-

correcting.

• Twisted and Genus forms are viable but sensitive to precise configuration.

• Knotted and Exotic rings are poor candidates for stable composites due to their fragility and 
internal strain.

• Disjoint rings are safest to combine — stability depends only on spatial separation.

My question to ChatGPT:    (on July 30, 2025)

How hard is it to get the various forms of 4D smoke ring combinations to become 
entangled, and once entangled how hard is it to separate them? And by "hard" I mean 
will the process of becoming entangled or separating them damage them slightly, or a 
lot, or not at all?

Its answer:



You're asking about the mechanical and topological difficulty of forming and undoing 
entanglements between 4D smoke rings, and whether such processes introduce structural damage 
(i.e., disruption of vorticity, loss of coherence, or destruction).

Let’s break this down across three main questions:

 1. ❓ How Hard Is It to Entangle Two 4D Smoke Rings?

 Interpretation of "Hard":🔧

• Mechanically difficult? Requires precise alignment or rare conditions?

• Energetically costly? Needs a large disturbance or external force?

• Likely to cause damage? Disrupts internal vorticity during entanglement?

 General Principles💡

• 4D space allows more freedom of movement than 3D. That makes:

• Passing through other objects easier (i.e., easier to avoid collision),

• Creating linked or knotted configurations harder, unless deliberate or highly 
choreographed.

Pair Type
Entanglement 

Difficulty
Damage Risk During 

Entanglement
Notes

Standard + 
Standard

Moderate Low–Moderate
Requires close alignment. May cause 
swirl disruption if not done smoothly.

Standard + 
Twisted

High Moderate–High
Twist resists cooperative vorticity. 
Alignment is harder.

Standard + 
Curved

Low–Moderate Low Curved ring may “wrap” more easily.

Disjoint + 
Disjoint

High Low
Naturally tend to avoid each other. 
Must force into entanglement.

Linked + 
Anything

Already entangled Varies
Assumed to be pre-entangled. Stability 
depends on shape.

Higher Genus + 
Any

Very High High
Handles catch or conflict with other 
flow paths.

Knotted + Any Extremely High Very High
Highly unstable; often collapses during 
interaction.

Exotic + Any Not meaningful Unknown No model exists to assess interaction.



 2. ❓ How Hard Is It to Separate Entangled 4D Smoke Rings?

 Topological Considerations🧠

• In 3D: unlinking linked rings usually requires breaking or passing through.

• In 4D: unlinking is topologically easier — because a ring can be "lifted" into the fourth 
dimension and passed around the other.

• However, vortex coherence may still prevent this physically without disruption.

Pair Type
Separation 
Difficulty

Damage Risk During 
Separation

Notes

Standard + 
Standard

Moderate Moderate
Can pass around in 4D, but flow may be 
disrupted.

Twisted + 
Standard

High High Twist resists clean separation.

Disjoint + 
Disjoint

Low None Already separate; no action needed.

Linked + 
Linked

High High
Designed to be entangled. Unlinking may 
require cutting or strong deformation.

Higher Genus + 
Any

Very High Very High Handles may snag or form sub-links.

Curved + 
Curved

Moderate Low–Moderate Depends on curvature and flexibility.

Knotted + Any Variable Very High
Knotted objects may untangle naturally in 
4D, but destabilize in the process.

Exotic + Any Unknown Unknown Exotic interactions not well defined.

 Damage Types During Entanglement/Separation�

Type of Damage Cause
Minor Shear Tangential brushing or low-speed contact
Turbulence Disruption Misaligned vorticity flows interfere
Vorticity Loss Stretching or partial collapse
Structural Collapse Knotted or high-genus forms destabilize
Catastrophic Rupture Too much distortion; ring loses coherence

 Summary Table✅
Combo Type Entanglement Difficulty Separation Difficulty Damage Potential

Standard ↔ Standard Moderate Moderate Low–Moderate
Standard ↔ Twisted High High Moderate–High
Disjoint ↔ Disjoint High None None
Curved ↔ Curved Low–Moderate Moderate Low



Combo Type Entanglement Difficulty Separation Difficulty Damage Potential
Linked ↔ Linked Moderate High Moderate–High
Knotted ↔ Any Very High Variable Very High
Higher Genus ↔ Any Very High Very High High–Very High
Exotic ↔ Anything Not Defined Not Defined Unknown

 Final Insights🧠
• Entanglement is harder than in 3D, paradoxically, because the extra spatial freedom makes it 

easier to avoid each other.

• Separation is easier in 4D, topologically — but not necessarily physically safe, especially for 
complex or unstable forms.

• Best entanglement candidates: Curved + Standard, or Standard + Standard.

• Worst candidates: Knotted, Higher Genus, Exotic — too unstable or ill-defined.

Would you like me to add this analysis as a new section to your document titled "Entanglement and 
Separation of 4D Smoke Rings"?

Glossary of Esoteric Terms

• Knotted: A configuration where part of the ring's structure loops through itself in a way that 
cannot be undone without cutting. In 4D, 1D knots are trivial, but 2D surface knots (like a 
knotted sphere) can be nontrivial.

• Exotic (Smooth Structure): A differentiable structure on a topological manifold that is not 
diffeomorphic (smoothly equivalent) to the standard one. These are rare and only appear in 
certain 4-manifolds like ⁴. Not known to exist on S¹ × S².ℝ

• Twisted: Refers to a non-trivial bundle structure where the fiber (e.g., S²) rotates or changes 
orientation as it moves along the base (e.g., S¹). Similar to how a Möbius strip is a twisted 
version of a cylinder.

• Higher Genus: Refers to surfaces with multiple "holes" or "handles." A genus surface (Σₓ) has 
holes. A torus has genus 1; a double torus has genus 2. Used here in the context of replacing the 
spherical component of a smoke ring with a more complex surface.



• Fiber: In a fiber bundle, the fiber is the space that is repeated over each point of the base space. 
For example, in S¹ × S², the S² is the fiber, and S¹ is the base. This construction allows defining 
more complex topological spaces.

• Linking: A configuration where two or more smoke rings loop around each other in a way that 
prevents them from being separated without passing through each other. In 4D, more linking 
options are available than in 3D.

• Embedding: A way of placing one space within another. For instance, embedding a 3-manifold 
in 4D space means smoothly fitting it into ⁴ without overlaps or breaks.ℤ

• Manifold: A space that locally resembles Euclidean space. A 2-manifold is a surface; a 3-
manifold is a volume. Most 4D smoke rings are modeled as 3-manifolds embedded in 4D space.

• Curved Embedding: An embedding of a manifold in higher-dimensional space where the 
object is not flat. Curvature may be intrinsic (like a sphere's surface) or extrinsic (how it bends 
in space).

• Topology: The mathematical study of shapes that can be stretched or bent but not torn or glued. 
Two shapes are topologically equivalent if one can be transformed into the other without 
cutting.

• Vorticity: A vector quantity describing local rotation in a fluid. Smoke rings have vorticity 
concentrated in a toroidal shape, which sustains their form and motion.
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